Abstract. For a smooth and geometrically irreducible variety X over a field k of characteristic 0, the quotient of the absolute Galois group G k(X) by the commutator subgroup of Gk (X) projects onto G k . We investigate the sections of this projection. We show that such sections correspond to "infinite divisions" of the elementary obstruction of Colliot-Thélène and Sansuc. If k is a number field and the Tate-Shafarevich group of the Picard variety of X is finite, then such sections exist if and only if the elementary obstruction vanishes. For curves this condition also amounts to the existence of divisors of degree 1. Finally we show that the vanishing of the elementary obstruction is not preserved by extensions of scalars.
Introduction
In his seminal letter to Faltings, Grothendieck [6] formulated the conjecture, now known as the section conjecture, that for any smooth and proper curve X of genus ≥ 2 defined over a field k finitely generated over Q, sections of the natural exact sequence of fundamental groups
are, up to conjugation by π 1 (X ⊗ k k), in one-to-one correspondence with rational points of X. Accordingly, the exact sequence of profinite groups (1.1) should split if and only if X(k) = ∅; this corollary is in fact equivalent to the full statement of the section conjecture (see [9, Lemma 1.7] ). As was first emphasised by Koenigsmann [9] , a birational variant of the section conjecture may be stated as follows: for k and X as above, if we denote by G K the absolute Galois group of a field K, the exact sequence of profinite groups
should split if and only if X(k) = ∅. That (1.2) must split if X(k) = ∅ is a general remark of Deligne [4] . The converse implication would follow from the original section conjecture, since splittings of (1.2) induce splittings of (1.1). To this day even the birational section conjecture is widely open.
The goal of this note is to investigate the exact sequence of profinite groups
exist as soon as X possesses a divisor of degree 1 defined over k. The question therefore arises whether the converse might hold, and if so, in what generality. In §2 we prove (Theorem 2.1) that if k is a number field and X is a smooth and proper curve over k whose Jacobian has finite Tate-Shafarevich group, then (1.3) splits if and only if X possesses a divisor of degree 1. This is an abelian variant of the birational section conjecture over number fields. It should be noted that starting from the existence of an abelian birational section, one cannot hope to prove more than the existence of a divisor of degree 1, since there are smooth and proper curves over Q admitting a divisor of degree 1 but no rational point.
We then proceed in §3 to study abelian birational sections for an arbitrary smooth variety X over an arbitrary field k of characteristic 0.
In this situation, the existence of an abelian birational section is a necessary condition for the existence of a 0-cycle of degree 1 on X. Remarkably few necessary conditions for the existence of 0-cycles of degree 1 have been exhibited in such generality. Another one is the vanishing of the elementary obstruction of Colliot-Thélène and Sansuc (see [3] , [16] , [1] , [18] ), which takes the form of a class ob(X) in Ext by k(X) ⋆ (Lemma 3.3). Now assume that k is a number field. From Theorem 3.1 it follows that the statement of Theorem 2.1 does not hold for varieties of arbitrary dimension. Indeed it is well known that there are varieties over number fields (for instance, rational surfaces over Q) which do not possess 0-cycles of degree 1 although the elementary obstruction vanishes (in which case, by Theorem 3.1, abelian birational sections do exist). Yet Grothendieck writes in [6, p. 3] that any sufficiently small nonempty open subset of a smooth variety should be "anabelian", which, according to the general statement of the section conjecture given in [6] , implies that the birational section conjecture should hold for smooth varieties of arbitrary dimension. The correct higher-dimensional generalisation of Theorem 2.1 is given by Theorem 3.6 below, which refines, for number fields, the statement of Theorem 3.1: if k is a number field and X is a smooth and proper variety over k whose Picard variety has finite Tate-Shafarevich group, then the existence of an abelian birational section is equivalent to the vanishing of the elementary obstruction.
Finally, by considering sections of the exact sequence (1.1) and their cycle classes in étale cohomology (see [5] ), we give in Theorem 3.8 an example of a field k of characteristic 0, a field extension K/k, and a curve X over k such that ob(X) = 0 but ob(X ⊗ k K) = 0. This settles a question about the elementary obstruction which was raised by Borovoi, Colliot-Thélène and Skorobogatov [1] .
Abelian birational sections for curves over number fields
Let k be a field of characteristic 0 and k be an algebraic closure of k. Let X be a smooth, proper, geometrically connected curve over k. We denote by k(X) the function field of X, by k(X) an algebraic closure of k(X) = k(X) ⊗ k k and by k(X) ab the maximal abelian subextension of k(X)/k(X). The Galois group
k(X) = Gal k(X) ab /k(X) fits into an exact sequence of profinite groups
where
. Equivalently, the exact sequence (2.1) is the one obtained by pushing out
. According to Deligne [4, Section 15] , the exact sequence (2.2) splits if X(k) = ∅. From this it follows, by a standard restriction-corestriction argument taking place in the continuous Galois cohomology group
, that (2.1) splits as soon as X possesses a degree 1 divisor. In this section we prove that over number fields, the converse holds, under the assumption that the Tate-Shafarevich group of the Jacobian of X is finite: Recall that the birational section conjecture (a consequence of Grothendieck's section conjecture in anabelian geometry) asserts over number fields that for X and k as above, the exact sequence of profinite groups (2.2) splits if and only if there exists a rational point on X. (This conjecture is sometimes referred to as the "weak birational section conjecture", although, as a consequence of Faltings's theorem, it is in fact equivalent to the full birational section conjecture; see [9, Lemma 1.7] .) The statement of Theorem 2.1 may thus be considered as an abelian variant of the birational section conjecture over number fields -indeed the set of divisors of degree 1 on X is "abelian" in the sense that it is canonically a principal homogeneous space under an abelian group, namely, the group of divisors of degree 0.
The rows of (2.3) are exact, by Kummer theory for the second one.
Suppose (2.1) splits, and fix a section s :
k(X) . By letting G k act on M via s, we can view (2.3) as a commutative diagram of discrete G k -modules with exact rows. Since the Galois cohomology of a discrete G k -module which is at the same time a Q-vector space vanishes in positive degrees, the bottom row of (2.3) induces in Galois cohomology an isomorphism
On composing the inverse of this isomorphism with the map
) (by Tsen's theorem). Moreover, the Brauer group of the curve X is a subgroup of Br(k(X)). Thus, by restriction, we obtain a retraction r : Br(X) → Br(k) of the natural map
Let v be a place of k. Choose a place of k above v, denote by k h v ⊂ k the fixed field of the corresponding decomposition subgroup D v ⊂ G k , and consider (2.3) as a diagram of discrete D v -modules. As in the preceding paragraph, passing to cohomology yields a retraction r v :
Let k v denote the completion of k at v. As is well known, the Brauer groups of k v and of k 
Lemma 2.2. For any place v of k, the natural map
Since the Brauer groups of X ⊗ k k and of X ⊗ k K vanish (by Tsen's theorem), one obtains a commutative diagram with exact rows (2.4) We resume the proof of Theorem 2.1. Thanks to Lemma 2.2, we may view r v as a retraction of the natural map Br(k v ) → Br(X ⊗ k k v ). Every divisor of degree 1 on X ⊗ k k v also defines a retraction of this map, by the formula
According to Lichtenbaum-Tate duality [10, §5] for finite v and to a theorem of Witt [17, II', p. 5] for real v (see also [14, 20.1.3] ), all retractions of Br(k v ) → Br(X ⊗ k k v ) come from divisors of degree 1 in this way. Hence for every place v of k, there exists a degree
Let A ∈ Br(X). Let Ω denote the set of places of k, and for every v ∈ Ω, let inv v : Br(k v ) ֒→ Q/Z denote the canonical inclusion. A glance at the construction of r and r v reveals that the image of r(A) in Br(k v ) coincides with
Under the assumption that the Tate-Shafarevich group of the Jacobian of X is finite, the existence of a family (z v ) v∈Ω of local divisors of degree 1 satisfying (2.5) for every A ∈ Br(X) implies the existence of a divisor of degree 1 on the curve X itself, by a theorem of Saito [13] (see [2, Prop. 3.7] ). Thus the theorem is proved.
Remarks 2.3. (i) The point of Theorem 2.1 is that its hypothesis is purely abelian, and therefore optimal. Under the hypotheses of Theorem 2.1, if one assumes that not only (2.1) but also (2.2) splits, then there are many ways to deduce that X admits a divisor of degree 1. For instance, if s is a splitting of (2.2) and α ∈ H (ii) Suppose k is a p-adic field. Using Roquette's theorem (see [10] ), it is easy to check that the statement of Theorem 2.1 still holds in this context. However, more is true: since, by Lichtenbaum-Tate duality, retractions of Br(k) → Br(X) are in one-to-one correspondence with classes of degree 1 in Pic(X), the proof of Theorem 2.1 shows that any splitting of (2.1) determines a well-defined class of degree 1 in Pic(X). This is to be compared with Koenigsmann's theorem [9] (recently refined by Pop [12] to a metabelian statement) according to which any splitting of (2.2) determines a well-defined rational point on X. Of course, due to the abelian nature of (2.1), one cannot hope to associate rational points to splittings of (2.1), since there are curves over p-adic fields which admit divisors of degree 1 but no rational points.
(iii) We do not know whether the statement of Theorem 2.1 still holds if k is only assumed to be a finitely generated field extension of Q. For such a field k, Grothendieck's section conjecture still predicts that a splitting of (2.2) should determine a rational point of X.
Galois groups, fundamental groups and the elementary obstruction
Let X now be any smooth and geometrically irreducible variety over a field k of characteristic 0. We keep the notations introduced at the beginning of §2. The exact sequence
Proof. A splitting of (3.1) induces an action of G k on k(X) ab⋆ , hence on M , satisfying the required property. Suppose conversely that M is endowed with such a structure.
We claim that every σ ∈ G k admits a unique lifting σ ∈ G
[ab]
k(X) such that the given action of σ on M coincides with the natural action of σ on M ⊂ k(X) ab⋆ .
Assuming this, the map G k → G
k(X) which sends σ to σ is a continuous group homomorphism and therefore constitutes a splitting of (3.1). We are thus reduced to proving the claim.
Let σ ∈ G k . Choose an arbitrary lifting σ of σ. The endomorphism ϕ : M → M defined by ϕ(f ) = σ −1 (σ(f ))/f vanishes on k(X) ⋆ and takes values in the torsion subgroup µ ∞ of k ⋆ , so that it factors as
Now by Kummer theory, one has
(where Hom denotes the set of continuous homomorphisms with respect to the discrete topology on µ ∞ ). Henceφ may be seen as a map Hom(G ab k(X) , µ ∞ ) → µ ∞ . By Pontrjagin duality we conclude that there is a unique τ ∈ G ab k(X) such that ϕ(f ) = τ (f )/f for all f ∈ M . The sought for lifting of σ is then στ and it is indeed unique since ϕ determines τ .
Lemma 3.3. Splittings of (3.1) up to conjugation by G
ab k(X) are canonically in one-to-one correspondence with triples (E, i E , p E ) up to isomorphism, where E is a discrete G k -module and i E and p E are G k -equivariant maps fitting into a commutative diagram
with exact rows. (By an isomorphism of triples
Proof. Lemma 3.3 is a formal consequence of Lemma 3.2 once one has verified that for any triple (E, i E , p E ), the diagram (3.4) is isomorphic, as a diagram of abelian groups (disregarding the action of G k ), to (3.3); indeed the choice of such an isomorphism allows one to transport the G k -module structure from E to M . To this end, we first note that the exactness of the second row of (3.4) forces E to be divisible, so that there exists a homomorphism h : M → E satisfying h • i = i E . The kernel and cokernel of h are simultaneously Q-vector spaces (since E/k ⋆ and M/k ⋆ are Q-vector spaces) and torsion groups (since E/k(X) ⋆ and M/k(X) ⋆ are torsion). Hence h is an isomorphism. Moreover, we automatically have p = p E • h since the homomorphism p − (p E • h) vanishes on the image of i and takes values in a torsionfree group, and the cokernel of i is torsion. G (A, B) ). But Ext 2 (Q, Hom G (A, B)) = 0 as the category of abelian groups has global dimension 1.
We are now in a position to complete the proof of Theorem 3.1. Assume ob(X) belongs to the maximal divisible subgroup of Ext
. According to Lemma 3.4, there exists a discrete G k -module E and G k -equivariant maps i E and p E such that the diagram (3.4) commutes and has exact rows. Lemma 3.3 now implies that (3.1) splits. A statement similar to, but weaker than, Corollary 3.5 has independently been shown to hold by Harari and Szamuely [7, Rem. 5.6] .
Theorem 3.1 is sharp in the sense that it characterises the existence of "birational abelian sections" (that is, of splittings of (3.1)) purely in terms of the elementary obstruction. Obviously the condition of Theorem 3.1 is satisfied if the elementary obstruction vanishes; however the question remains whether there may exist fields k and smooth and geometrically irreducible varieties X such that ob(X) belongs to the maximal divisible subgroup of Ext
We do not know of any such example. Neither the field k nor the variety X can be too simple for this to occur. Indeed the abelian group Pic(X ⊗ k k) cannot be finitely generated (this follows from the proof of [16, Cor. 2.4.2]), the field k cannot have dimension ≤ 1 (according to [18, Th. 3.4 .1]), and in Theorem 3.6 below we prove that k cannot be a p-adic field, a real closed field, or a number field, assuming in the latter case the finiteness of a Tate-Shafarevich group. Proof. If ob(X) = 0, then (3.1) splits by Theorem 3.1. Conversely, suppose (3.1) splits and let s :
k(X) be a splitting. As in the proof of Theorem 2.1, the section s induces a retraction r : Br(k(X)) → Br(k) of the natural map Br(k) → Br(k(X)). The latter is therefore injective, which, if k is a real closed field or a 
. As a consequence, and in view of the fact that r
Hence, by global reciprocity, we find that v∈Ω inv v A(P v ) = 0. In other words, the adelic point (P v ) v∈Ω of Alb Theorem 3.8. Let k = C((t)). There exists a geometrically integral curve X over k and a field extension K/k such that ob(X) = 0 but ob(X ⊗ k K) = 0.
Proof. Let C be the projective plane curve over k defined by x 3 + ty 3 + t 2 z 3 = 0. Obviously C has no rational points. Since C is a smooth and proper curve of genus 1, it follows (by the Riemann-Roch theorem) that there is no divisor of degree 1 on C. On the other hand C has closed points of degree 3. We conclude that the degree of any divisor on C must be divisible by 3.
The curve C being geometrically connected, its fundamental group π 1 (C) surjects onto the absolute Galois group G k of k, which is isomorphic toẐ. The choice of a lifting of 1 ∈Ẑ to π 1 (C) determines a section s : G k → π 1 (C) of the projection π 1 (C) → G k . Let α ∈ H 2 ét (C, µ 3 ) denote the cycle class of s in étale cohomology with Z/3Z coefficients (see [5, Th. 2.6] ). We recall from [5, Th 2.6 ] that α has degree 1 modulo 3 (in the sense that its image in H 2 ét (C ⊗ k k, µ 3 ) = Z/3Z is equal to 1). Therefore α cannot be the cycle class of a divisor on C.
We also recall that by the construction of α, there exists an étale cover π : X → C such that X is geometrically irreducible over k and such that the class p ⋆ α ∈ H 2 ét (X × C, µ 3 ), where p : X × C → C denotes the second projection, is equal to the cycle class of the graph of π.
The Kummer exact sequence 1 µ 3 G m ×3 G m 1 gives rise to a commutative diagram with exact rows where the vertical maps are pullback along p. Since the cycle class of the graph of π in H 2 ét (X × C, µ 3 ) comes from Pic(X × C), the above diagram shows that the image of α in Br(X × C) vanishes. On the other hand the image β of α in Br(C) does not vanish, since α is not the cycle class of a divisor. Hence β is a nonzero element of the kernel of p ⋆ : Br(C) → Br(X × C). As a consequence, this map is not injective, and the natural map Br(K) → Br(X ⊗ k K), where K = k(C), is not injective either. In particular ob(X ⊗ k K) = 0 (see [3, Prop. 2.2.5]). Finally we have ob(X) = 0 because k is a field of dimension ≤ 1 (see [18, Th. 3.4 
.1]).
Remark 3.9. In the example of Theorem 3.8, not only does the elementary obstruction on X ⊗ k K not vanish; the class ob(X ⊗ k K) does not even belong to the maximal divisible subgroup of Ext 
GK (K(X)
⋆ /K ⋆ , K ⋆ ). Indeed, if it were the case, then by Theorem 3.1, the natural projection G K(X) → G K would have to admit a section. Therefore, by the argument used at the beginning of the proof of Theorem 2.1, the map Br(K) → Br(X ⊗ k K) would have to be injective, which, as we have seen, it is not.
